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Abstract
Recently, Agarwal, Cho, Li and Huang [R.P. Agarwal, Y.J. Cho, J. Li, N.J. Huang, Stability of iterative
procedures with errors approximating common fixed points for a couple of quasi-contractive mappings
in q-uniformly smooth Banach spaces, J. Math. Anal. Appl. 272 (2002) 435–447] introduced the new
iterative procedures with errors for approximating the common fixed point of a couple of quasi-contractive
mappings and showed the stability of these iterative procedures with errors in Banach spaces. In this paper,
we introduce a new concept of a couple of q-contractive-like mappings (q > 1) in a Banach space and
apply these iterative procedures with errors for approximating the common fixed point of the couple of q-
contractive-like mappings. The results established in this paper improve, extend and unify the corresponding
ones of Agarwal, Cho, Li and Huang [R.P. Agarwal, Y.J. Cho, J. Li, N.J. Huang, Stability of iterative
procedures with errors approximating common fixed points for a couple of quasi-contractive mappings in
q-uniformly smooth Banach spaces, J. Math. Anal. Appl. 272 (2002) 435–447], Chidume [C.E. Chidume,
Approximation of fixed points of quasi-contractive mappings in Lp spaces, Indian J. Pure Appl. Math. 22
(1991) 273–386], Chidume and Osilike [C.E. Chidume, M.O. Osilike, Fixed points iterations for quasi-
contractive maps in uniformly smooth Banach spaces, Bull. Korean Math. Soc. 30 (1993) 201–212], Liu
[Q.H. Liu, On Naimpally and Singh’s open questions, J. Math. Anal. Appl. 124 (1987) 157–164; Q.H. Liu,
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1. Introduction and preliminaries
Let X be a real Banach space. The moduli of smoothness of X is defined by
ρX(t) = sup
{
1
2
(‖x + y‖ + ‖x − y‖)− 1: ‖x‖ 1, ‖y‖ t
}
, t > 0.
X is said to be uniformly smooth if limt→0+(ρX(t)/t) = 0. Moreover, X is called q-uniformly
smooth if there exists a constant c > 0 such that ρX(t)  ctq . It is well known that all Hilbert
spaces, Lp (or lp) spaces (p  2) and the Sobolev spaces, Wpm (p  2) are 2-uniformly smooth,
while, for 1 <p  2, Lp (or lp) and Wpm spaces are p-uniformly smooth.
Let T :X → X be a mapping. Let x0 ∈ X and xn+1 = f (T , xn) define an iteration procedure
which produces a sequence {xn} in X. Suppose, furthermore, that the set of fixed points of the
mapping T is nonempty, that is, F(T ) = {x ∈ X: x = T x} = ∅, and the sequence {xn} converges
strongly to x∗ ∈ F(T ). Let {yn} be any sequence in X and {n} be a sequence in [0,+∞) defined
by n = ‖yn+1 − f (T , yn)‖. If limn→∞ n = 0 implies that limn→∞ yn = x∗, then the iteration
procedure {xn} defined by xn+1 = f (T , xn) is called T -stable or stable with respect to T .
Some convergence and stability results for certain classes of nonlinear single-valued and set-
valued mappings have been studied by many authors. See, for example, [1,3,8–10,13–17] and
references therein. As Harder [6], Harder and Hicks [7,8] pointed out, the study on the stability
is both of theoretical and of numerical interest.
Definition 1.1. [5,18] Let X be a real Banach space. T :X → X is said to be quasi-contractive if
there exists a constant r ∈ (0,1) such that
‖T x − Ty‖ rQ(x, y), x, y ∈ X, (1.1)
where Q(x,y) = max{‖x − y‖,‖x − T x‖,‖y − Ty‖,‖x − Ty‖,‖y − T x‖}.
Remark 1.1. It was proved in [5,18] that if T :X → X is a quasi-contractive mapping then T
has a unique fixed point x∗ ∈ X.
Definition 1.2. [2] Let X be a real Banach space. T1, T2 :X → X are said to be a couple of
quasi-contractive mappings if there exists a constant r ∈ (0,1) such that
‖T2x − T1y‖ rM(x, y), x, y ∈ X, (1.2)
where M(x,y) = max{‖x − y‖,‖x − T2x‖,‖y − T1y‖,‖x − T1y‖,‖y − T2x‖}.
Remark 1.2. It was shown in [2] that every couple of quasi-contractive mappings T1, T2 :X → X
has a unique common fixed point x∗ ∈ X.
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Definition 1.3. Let q > 1 and X be a real Banach space. Let T1, T2 :X → X be two mappings
with a common fixed point, i.e., F(T1) ∩ F(T2) = ∅. Then, T1 and T2 are said to be a couple of
q-contractive-like mappings if there exist constants κ ∈ (0,1) and L> 0 such that
(i) for all x ∈ X and x∗ ∈ F(T1)∩ F(T2), there holds{‖T1x − x∗‖q  κ(‖x − x∗‖q + ‖x − T1x‖q),
‖T2x − x∗‖q  κ(‖x − x∗‖q + ‖x − T2x‖q);
(ii) for all x, v ∈ X and λ ∈ [0,1],
‖T2x − T1y‖q  κ
(‖x − T2x‖q + ‖x − T1y‖q)+L‖v‖q, (1.3)
where y = (1 − λ)x + λT2x + v.
Remark 1.3. For all q > 1, every couple of quasi-contractive mappings T1, T2 :X → X is a
couple of q-contractive-like mappings. Indeed, it follows from Chang [2] that T1 and T2 have a
unique common fixed point x∗ ∈ X, that is, T1x∗ = T2x∗ = x∗. Since T1 and T2 are a couple of
quasi-contractive mappings, for any x ∈ X we have∥∥T1x − x∗∥∥= ∥∥T1x − T2x∗∥∥ r max{∥∥x − x∗∥∥,‖x − T1x‖},
which implies that for all x ∈ X,∥∥T1x − x∗∥∥q  rq(∥∥x − x∗∥∥q + ‖x − T1x‖q).
Similarly, we have∥∥T2x − x∗∥∥q  rq(∥∥x − x∗∥∥q + ‖x − T2x‖q).
Furthermore, following the proof process of (3.9) in [1] and utilizing the convexity of the
function φ(s) = sq , s ∈ (0,∞), we can deduce that for all x, v ∈ X and λ ∈ [0,1],
‖T2x − T1z‖q  r
(‖x − T2x‖q + ‖x − T1z‖q)+ L‖v‖q,
where z = (1 − λ)x + λT x + v and L > 0 is some constant. Therefore, putting κ = r , we know
that (i) and (ii) in Definition 1.3 are satisfied. This shows that T1 and T2 are a couple of q-
contractive-like mappings.
Recently, Agarwal et al. [1] introduced the new iterative procedures with errors for approx-
imating the common fixed point of a couple of quasi-contractive mappings and showed the
stability of these iterative procedures with errors in Banach spaces.
Theorem 1.1. [1, Theorem 3.1] Let X be a q-uniformly smooth Banach space with q > 1 and
T1, T2 :X → X be a couple of quasi-contractive mappings. Suppose that {un}, {vn}, {u′n}, {v′n}
are sequences in X and {αn}, {βn} are sequences in [0,1] satisfying:
(i) ∑∞n=0 ‖un‖ < ∞, ∑∞n=0 ‖u′n‖ < ∞, limn→∞ ‖vn‖ = 0, limn→∞ ‖v′n‖ = 0,
(ii) 0 < h αn, n 0,
(iii) αn(q − 1 − crq) < 1, crq < q − 1, βq−1n  (1/c)(1 − crq), cαq−1n + crqβn(crq − q + 1)
1 − crq .
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zn = (1 − βn)xn + βnT2xn + vn, n 0,
xn+1 = (1 − αn)xn + αnT1zn + un, n 0. (1.4)
Let {yn} be a sequence in X and define a sequence {n} in [0,+∞) by{
sn = (1 − βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1 − αn)yn − αnT1sn − u′n‖, n 0.
(1.5)
Then we have the following:
(1) The sequence {xn} converges strongly to the unique common fixed point x∗ of T1 and T2 in X
and there exist constants A> 0 and B > 0 such that∥∥xn+1 − x∗∥∥q  [1 − h(q − 1 − crq)]∥∥xn − x∗∥∥q + B‖vn‖ +A‖un‖, n 0.
(2) There exist constants M1 > 0 and D > 0 such that∥∥yn+1 − x∗∥∥ {[1 − h(q − 1 − crq)]∥∥yn − x∗∥∥q +M1∥∥v′n∥∥+ D∥∥u′n∥∥}1/q + n,
n 0.
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Theorem 1.2. [1, Theorem 3.3] Let K be a nonempty closed, bounded and convex subset of
a q-uniformly smooth Banach space X with q > 1 and T1, T2 :K → K be a couple of quasi-
contractive mappings. Suppose that {u1n}, {v1n}, {u2n}, {v2n} are arbitrary sequences in K and
{an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1] satisfying the following:
(i) 0 < h bn + cn, ∑∞n=0 cn < ∞, limn→∞ c′n = 0,
(ii) an + bn + cn = a′n + b′n + c′n = 1, n 0,
(iii) (bn + cn)(q − 1 − crq) < 1, crq < q − 1, (b′n + c′n)q−1  (1/c)(1 − crq), c(bn + cn)q−1 +
crq(b′n + c′n)(crq − q + 1) 1 − crq .
For any given x0 ∈ K , a sequence {xn} with errors is defined by{
zn = a′nxn + b′nT2xn + c′nv1n, n 0,
xn+1 = anxn + bnT1zn + cnu1n, n 0.
(1.6)
Let {yn} be a sequence in K and define a sequence {n} in [0,+∞) by{
sn = a′nyn + b′nT2yn + c′nv2n, n 0,
n = ‖yn+1 − anyn − bnT1sn − cnu2n‖, n 0.
(1.7)
Then we have the following:
(1) The sequence {xn}∞n=0 converges strongly to the unique common fixed point x∗ of T1 and T2
in K and there exist constants A> 0 and B > 0 such that∥∥xn+1 − x∗∥∥q  [1 − h(q − 1 − crq)]∥∥xn − x∗∥∥q + B‖vn‖ +A‖un‖, n 0,
where un = cn(u1n − T1zn) and vn = c′n(v1n − T2xn).
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n 0,
where u′n = cn(u2n − T1sn) and v′n = c′n(v2n − T2yn).
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
The above results extend, improve and unify many known results in the literature; for example,
the corresponding ones of Chidume [3], Chidume and Osilike [4], Liu [14,15], Osilike [16,17]
and others. Moreover, it is remarkable that the new iterative procedures (1.4) and (1.6) with errors
extend, improve and unify the corresponding iterative procedures due to Ishikawa [12], Liu [13]
and Xu [19], respectively.
In this paper, motivated and inspired by Agarwal et al. [1], we apply the new iterative pro-
cedures (1.4) and (1.6) with errors to approximating the common fixed point of the couple of
q-contractive-like mappings. Because the couple of q-contractive-like mappings includes the
one of quasi-contractive mappings as a special case, our results improve, extend and unify the
corresponding ones of Agarwal et al. [1], Chidume [3], Chidume and Osilike [4], Liu [14,15],
Osilike [16,17] and many others in the literature.
In what follows, we recall some lemmas which will be used in the sequel.
Lemma 1.1. [4] Let X be a q-uniformly smooth Banach space with q > 1. Then there exists a
constant c > 0 such that for all x, y, z ∈ X and t ∈ [0,1],∥∥tx + (1 − t)y − z∥∥q

[
1 − t (q − 1)]‖y − z‖q + tc‖x − z‖q − t(1 − tq−1c)‖x − y‖q . (1.8)
Lemma 1.2. [11] Let q > 1 be a given real number. Then, for any a  0 and b  0, there exists
a nonnegative real number d between a and a + b such that
(a + b)q = aq + qdq−1b.
Lemma 1.3. [20, Lemma 2.5] Let {en} be a sequence of nonnegative real numbers satisfying
en+1  (1 − fn)en + fngn + γn, n 0,
where {fn}, {gn}, and {γn} satisfy the conditions:
(i) {fn} ⊆ [0,1], ∑∞n=0 fn = ∞, or equivalently, ∏∞n=0(1 − fn) = 0,
(ii) lim supn→∞ gn  0,
(iii) γn  0 (n 0),
∑∞
n=0 γn < ∞.
Then limn→∞ en = 0.
For the remainder of this paper, κ and c denote the constants appearing in (1.3) and (1.8).
2. Main results
We now state and prove the main results of this paper.
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a couple of q-contractive-like mappings. Suppose that {un}, {vn}, {u′n}, {v′n} are sequences in X
and {αn}, {βn} are sequences in [0,1] satisfying:
(i) ∑∞n=0 ‖un‖ < ∞, ∑∞n=0 ‖u′n‖ < ∞, limn→∞ ‖vn‖ = 0, limn→∞ ‖v′n‖ = 0,
(ii) 0 < h αn, n 0,
(iii) αn(q−1−cκ) < 1, cκ < q−1, βq−1n  (1/c)(1−cκ), cαq−1n +cκβn(cκ−q+1) 1−cκ .
For any given x0 ∈ X, a sequence {xn} with errors is defined by{
zn = (1 − βn)xn + βnT2xn + vn, n 0,
xn+1 = (1 − αn)xn + αnT1zn + un, n 0. (2.1)
Let {yn} be a sequence in X and define a sequence {n} in [0,+∞) by{
sn = (1 − βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1 − αn)yn − αnT1sn − u′n‖, n 0.
(2.2)
Then we have the following:
(1) The sequence {xn} converges strongly to the unique common fixed point x∗ of T1 and T2 in
X and there exist constants A> 0 and B > 0 such that∥∥xn+1 − x∗∥∥q  [1 − h(q − 1 − cκ)]∥∥xn − x∗∥∥q +B‖vn‖ + A‖un‖, n 0.
(2) There exist constants M1 > 0 and D > 0 such that∥∥yn+1 − x∗∥∥ {[1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q + M1∥∥v′n∥∥+D∥∥u′n∥∥}1/q + n,
n 0.
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Proof. (1) Let x∗ ∈ F(T1)∩ F(T2). Then it follows from Definition 1.3 and (2.1) that{‖T1x − x∗‖q  κ(‖x − x∗‖q + ‖x − T1x‖q),
‖T2x − x∗‖q  κ(‖x − x∗‖q + ‖x − T2x‖q), (2.3)
for all x ∈ X, and
‖T2xn − T1zn‖q  κ
(‖xn − T2xn‖q + ‖xn − T1zn‖q)+ L‖vn‖q, n 0,
for a constant L > 0. Now, according to (2.3) we observe that x∗ is the unique common fixed
point of T1 and T2; that is, F(T1) ∩ F(T2) = {x∗}. Since limn→∞ ‖vn‖ = 0, for simplicity we
may assume that ‖vn‖ 1, n 0. Hence we have
‖T2xn − T1zn‖q  κ
(‖xn − T2xn‖q + ‖xn − T1zn‖q)+ L‖vn‖, n 0. (2.4)
Utilizing exactly the same proofs as those of (3.10)–(3.12) in [1], we deduce from the condi-
tion (i), Lemmas 1.1 and 1.2 that there exists a constant A> 0 such that for all n 0∥∥zn − x∗∥∥q  [1 − βn(q − 1)]∥∥xn − x∗∥∥q + βnc∥∥T2xn − x∗∥∥q
− βn
(
1 − βq−1n c
)‖xn − T2xn‖q +A‖vn‖, (2.5)
‖zn − T1zn‖q 
[
1 − βn(q − 1)
]‖xn − T1zn‖q + βnc‖T2xn − T1zn‖q
− βn
(
1 − βq−1n c
)‖xn − T2xn‖q + A‖vn‖ (2.6)
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∥∥xn+1 − x∗∥∥q  [1 − αn(q − 1)]∥∥xn − x∗∥∥q + αnc∥∥T1zn − x∗∥∥q
− αn
(
1 − αq−1n c
)‖xn − T1zn‖q +A‖un‖. (2.7)
By virtue of the condition (iii) and (2.3)–(2.7), we derive for all n 0,
∥∥xn+1 − x∗∥∥q  [1 − αn(q − 1)]∥∥xn − x∗∥∥q + αncκ[∥∥zn − x∗∥∥q + ‖zn − T1zn‖q]
− αn
(
1 − αq−1n c
)‖xn − T1zn‖q +A‖un‖

[
1 − αn(q − 1)+ cκαn
(
1 − βn(q − 1)
)]∥∥xn − x∗∥∥q
+ c2καnβn
∥∥T2xn − x∗∥∥q + c2καnβn‖T2xn − T1zn‖q
+ [cκαn(1 − βn(q − 1))− αn(1 − αq−1n c)]‖xn − T1zn‖q
− 2cκαnβn
(
1 − βq−1n c
)‖xn − T2xn‖q + 2Acκαn‖vn‖ + A‖un‖

[
1 − αn(q − 1)+ cκαn
(
1 − βn(q − 1)
)+ c2κ2αnβn]∥∥xn − x∗∥∥q
+ 2cκαnβn
(
cκ + (βq−1n − 1))‖xn − T2xn‖q
+ αn
[
c2κ2βn + cκ
(
1 − βn(q − 1)
)− (1 − αq−1n c)]‖xn − T1zn‖q
+Lc2καnβn‖vn‖ + 2Acκαn‖vn‖ +A‖un‖

[
1 − αn(q − 1 − cκ)(1 + cκβn)
]∥∥xn − x∗∥∥q + Bαn‖vn‖ + A‖un‖

[
1 − αn(q − 1 − cκ)
]∥∥xn − x∗∥∥q +Bαn‖vn‖ +A‖un‖, (2.8)
where B > 0 is a constant. Set
en =
∥∥xn − x∗∥∥q, fn = αn(q − 1 − cκ), n 0,
gn = B‖vn‖(q − 1 − cκ)−1, γn = A‖un‖, n 0.
Conditions (i)–(iii) and Lemma 1.3 imply that limn→∞ en = 0; i.e., limn→∞ ‖xn − x∗‖ = 0.
As in the proofs of (2.3) and (2.4), we have
∥∥T1sn − x∗∥∥q  κ(∥∥sn − x∗∥∥q + ‖sn − T1sn‖q), n 0, (2.9)∥∥T2yn − x∗∥∥q  κ(∥∥yn − x∗∥∥q + ‖yn − T2yn‖q), n 0, (2.10)
‖T2yn − T1sn‖q  κ
(‖yn − T2yn‖q + ‖yn − T1sn‖q)+L∥∥v′n∥∥, n 0. (2.11)
Following the proof process of (3.17) and (3.18) in [1], we can deduce from Lemmas 1.1, 1.2
and (2.10) that there exists a constant D > 0 such that
∥∥sn − x∗∥∥q  [1 − βn(q − 1)+ cκβn]∥∥yn − x∗∥∥q
+ βn
(
cκ + cβq−1n − 1
)‖yn − T2yn‖q +D∥∥v′n∥∥, n 0, (2.12)
and
‖sn − T1sn‖q

[
1 − βn(q − 1)+ cκβn
]‖yn − T1sn‖q
+ βn
(
cκ + cβq−1n − 1
)‖yn − T2yn‖q + cLβn∥∥v′n∥∥+D∥∥v′n∥∥, n 0. (2.13)
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
[
1 − αn(q − 1)
]∥∥yn − x∗∥∥q + αnc∥∥T1sn − x∗∥∥q
− αn
(
1 − αq−1n c
)‖yn − T1sn‖q + D∥∥u′n∥∥

[
1 − αn(q − 1)
]∥∥yn − x∗∥∥q + αncκ(∥∥sn − x∗∥∥q + ‖sn − T1sn‖q)
− αn
(
1 − αq−1n c
)‖yn − T1sn‖q + D∥∥u′n∥∥

[
1 − αn(q − 1)+ αncκ
(
1 − βn(q − 1)+ cκβn
)]∥∥yn − x∗∥∥q
+ αn
[
cκ
(
1 − βn(q − 1)+ cκβn
)+ cαq−1n − 1]‖yn − T1sn‖q
+ 2cκαnβn
(
cκ + cβq−1n − 1
)‖yn − T2yn‖q
+ 2Dcκαn
∥∥v′n∥∥+ c2Lκαnβn∥∥v′n∥∥+D∥∥u′n∥∥

[
1 − αn(q − 1 − cκ)(1 + cκβn)
]∥∥yn − x∗∥∥q +M1∥∥v′n∥∥+D∥∥u′n∥∥

[
1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q +M1∥∥v′n∥∥+D∥∥u′n∥∥, (2.14)
where M1 = 2Dcκ +Lc2κ . Observe that (2.14) implies∥∥yn+1 − x∗∥∥ ‖yn+1 − pn‖ + ∥∥pn − x∗∥∥

{[
1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q +M1∥∥v′n∥∥+D∥∥u′n∥∥}1/q + n (2.15)
for all n 0, i.e., (2) holds.
Suppose that limn→∞ yn = x∗. It is easy to verify that
n = ‖yn+1 − pn‖
∥∥yn+1 − x∗∥∥+ ∥∥pn − x∗∥∥

∥∥yn+1 − x∗∥∥+ {[1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q +M1∥∥v′n∥∥+D∥∥u′n∥∥}1/q → 0
as n → ∞. Hence we have limn→∞ n = 0.
Conversely, suppose that limn→∞ n = 0. In view of (2.15), Lemma 1.2 and the condition (i),
we easily conclude that there exists a constant N > 0 such that∥∥yn+1 − x∗∥∥q  [1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q +M1∥∥v′n∥∥+D∥∥u′n∥∥+Nn,
n 0. (2.16)
Set
en =
∥∥yn − x∗∥∥q, fn = h(q − 1 − cκ), n 0,
gn =
(
M1
∥∥v′n∥∥+ D∥∥u′n∥∥+ Nn)f−1n , γn = 0, n 0.
Then (2.16) reduces to
en+1  (1 − fn)en + fngn + γn, n 0.
Thus combining the conditions (i)–(iii) with Lemma 1.3 leads to limn→∞ en = 0 and so
limn→∞ yn = x∗. This completes the proof. 
Theorem 2.2. Let X be a q-uniformly smooth Banach space with q > 1 and T1, T2 :X → X be
a couple of q-contractive-like mappings. Suppose that {un}, {vn}, {u′n}, {v′n} are sequences in X
and {αn}, {βn} are sequences in [0,1] satisfying:
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(ii) 0 < h αn, n 0,
(iii) αn(q − 1 − cκ) < 1, cκ < q − 1.
For any given x0 ∈ X, a sequence {xn} with errors is defined by{
zn = (1 − βn)xn + βnT2xn + vn, n 0,
xn+1 = (1 − αn)xn + αnT1zn + un, n 0. (2.1)
Let {yn} be a sequence in X and define a sequence {n} in [0,+∞) by{
sn = (1 − βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1 − αn)yn − αnT1sn − u′n‖, n 0.
(2.2)
Then we have the following:
(1) The sequence {xn} converges strongly to the unique common fixed point x∗ of T1 and T2 in
X if and only if limn→∞ ‖xn − T2xn‖ = 0.
(2) If limn→∞ ‖yn − T2yn‖ = 0, then
lim
n→∞yn = x
∗ ⇔ lim
n→∞ n = 0.
Proof. (1) Sufficiency. Suppose limn→∞ ‖xn − T2xn‖ = 0. Let x∗ ∈ F(T1) ∩ F(T2). Then it is
easy to see that x∗ is the unique common fixed point of T1 and T2; that is, F(T1)∩F(T2) = {x∗}.
According to (2.8), we conclude that for all n 0∥∥xn+1 − x∗∥∥q  [1 − αn(q − 1)+ cκαn(1 − βn(q − 1))+ c2κ2αnβn]∥∥xn − x∗∥∥q
+ 2cκαnβn
(
cκ + (βq−1n − 1))‖xn − T2xn‖q
+ αn
[
c2κ2βn + cκ
(
1 − βn(q − 1)
)− (1 − αq−1n c)]‖xn − T1zn‖q
+Lc2καnβn‖vn‖ + 2Acκαn‖vn‖ +A‖un‖

[
1 − αn(q − 1 − cκ)(1 + cκβn)
]∥∥xn − x∗∥∥q + αn(q − 1 − cκ)
× [B0‖xn − T2xn‖q + B1‖xn − T1zn‖q + B2‖vn‖]+ A‖un‖, (2.17)
where B0, B1 and B2 are positive constants. Set
en =
∥∥xn − x∗∥∥q, fn = αn(q − 1 − cκ), n 0,
gn = B0‖xn − T2xn‖q +B1‖xn − T1zn‖q +B2‖vn‖, γn = A‖un‖, n 0.
Then (2.17) reduces to
en+1  (1 − fn)en + fngn + γn, n 0.
Next, we claim that limn→∞ gn = 0. Indeed, it follows from (2.4) and ‖xn − T2xn‖ → 0 that
lim sup
n→∞
‖xn − T1zn‖q  lim sup
n→∞
[‖xn − T2xn‖ + ‖T2xn − T1zn‖]q
= lim sup
n→∞
‖T2xn − T1zn‖q
 lim sup
n→∞
[
κ
(‖xn − T2xn‖q + ‖xn − T1zn‖q)+ L‖vn‖]
= lim supκ‖xn − T1zn‖q,
n→∞
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(1 − κ) lim sup
n→∞
‖xn − T1zn‖q  0.
This shows that limn→∞ ‖xn − T1zn‖ = 0. Thus, we immediately obtain limn→∞ gn = 0.
It follows from the conditions (i)–(iii) and Lemma 1.3 that limn→∞ en = 0; that is,
limn→∞ ‖xn − x∗‖ = 0.
Necessity. Suppose limn→∞ xn = x∗. Then it follows from (2.3) that
lim sup
n→∞
‖xn − T2xn‖ lim sup
n→∞
(∥∥xn − x∗∥∥+ ∥∥T2xn − x∗∥∥)
 lim sup
n→∞
[∥∥xn − x∗∥∥+ κ1/q(∥∥xn − x∗∥∥q + ‖xn − T2xn‖q)1/q]
= lim sup
n→∞
κ1/q‖xn − T2xn‖,
and hence(
1 − κ1/q) lim sup
n→∞
‖xn − T2xn‖ 0.
This implies that limn→∞ ‖xn − T2xn‖ = 0.
(2) Suppose limn→∞ ‖yn −T2yn‖ = 0. Then we claim that limn→∞ ‖yn −T1sn‖ = 0. Indeed,
it follows from (2.11) that
lim sup
n→∞
‖yn − T1sn‖q  lim sup
n→∞
(‖yn − T2yn‖ + ‖T2yn − T1sn‖)q
= lim sup
n→∞
‖T2yn − T1sn‖q
 lim sup
n→∞
[
κ
(‖yn − T2yn‖q + ‖yn − T1sn‖q)+ L∥∥v′n∥∥]
 lim sup
n→∞
κ‖yn − T1sn‖q,
and hence
(1 − κ) lim sup
n→∞
‖yn − T1sn‖q  0.
This implies that limn→∞ ‖yn − T1sn‖q = 0.
Now set pn = (1 − αn)yn + αnT1sn + u′n. Then from (2.14) we obtain∥∥pn − x∗∥∥q  [1 − αn(q − 1)+ αncκ(1 − βn(q − 1)+ cκβn)]∥∥yn − x∗∥∥q
+ αn
[
cκ
(
1 − βn(q − 1)+ cκβn
)+ cαq−1n − 1]‖yn − T1sn‖q
+ 2cκαnβn
(
cκ + cβq−1n − 1
)‖yn − T2yn‖q
+ 2Dcκαn
∥∥v′n∥∥+ c2Lκαnβn∥∥v′n∥∥+ D∥∥u′n∥∥

[
1 − αn(q − 1 − cκ)(1 + cκβn)
]∥∥yn − x∗∥∥q + M0‖yn − T2yn‖q
+M1‖yn − T1sn‖q + M2
∥∥v′n∥∥+D∥∥u′n∥∥

[
1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q + M0‖yn − T2yn‖q
+M1‖yn − T1sn‖q + M2
∥∥v′n∥∥+D∥∥u′n∥∥, n 0, (2.18)
where M0, M1 and M2 are positive constants. Observe that (2.18) implies
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
{[
1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q + M0‖yn − T2yn‖q
+M1‖yn − T1sn‖q +M2
∥∥v′n∥∥+ D∥∥u′n∥∥}1/q + n (2.19)
for all n 0.
Assume that limn→∞ yn = x∗. It is easy to verify that
n = ‖yn+1 − pn‖
∥∥yn+1 − x∗∥∥+ ∥∥pn − x∗∥∥

∥∥yn+1 − x∗∥∥+ {[1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q + M0‖yn − T2yn‖q
+M1‖yn − T1sn‖q +M2
∥∥v′n∥∥+ D∥∥u′n∥∥}1/q → 0
as n → ∞. Hence we have limn→∞ n = 0.
Conversely, suppose that limn→∞ n = 0. In view of (2.19), Lemma 1.2 and the condition (i),
we easily conclude that there exists a constant N > 0 such that∥∥yn+1 − x∗∥∥q  [1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q + M0‖yn − T2yn‖q
+M1‖yn − T1sn‖q + M2
∥∥v′n∥∥+D∥∥u′n∥∥+Nn, n 0. (2.20)
For each n 0, we set
en =
∥∥yn − x∗∥∥q, fn = h(q − 1 − cκ),
gn =
(
M0‖yn − T2yn‖q +M1‖yn − T1sn‖q +M2
∥∥v′n∥∥+D∥∥u′n∥∥+Nn)f−1n , γn = 0.
Then (2.20) reduces to
en+1  (1 − fn)en + fngn + γn, n 0.
Thus combining the conditions (i)–(iii) with Lemma 1.3 leads to limn→∞ en = 0 and so
limn→∞ yn = x∗. This completes the proof. 
Theorem 2.3. Let K be a nonempty closed, bounded and convex subset of a q-uniformly smooth
Banach space X with q > 1 and T1, T2 :K → K be a couple of q-contractive-like mappings.
Suppose that {u1n}, {v1n}, {u2n}, {v2n} are arbitrary sequences in K and {an}, {bn}, {cn}, {a′n}, {b′n},{c′n} are sequences in [0,1] satisfying the following:
(i) 0 < h bn + cn, ∑∞n=0 cn < ∞, limn→∞ c′n = 0,
(ii) an + bn + cn = a′n + b′n + c′n = 1, n 0,
(iii) (bn + cn)(q − 1 − cκ) < 1, cκ < q − 1, (b′n + c′n)q−1  (1/c)(1 − cκ), c(bn + cn)q−1 +
cκ(b′n + c′n)(cκ − q + 1) 1 − cκ.
For any given x0 ∈ K , a sequence {xn} with errors is defined by{
zn = a′nxn + b′nT2xn + c′nv1n, n 0,
xn+1 = anxn + bnT1zn + cnu1n, n 0.
(1.6)
Let {yn} be a sequence in K and define a sequence {n} in [0,+∞) by{
sn = a′nyn + b′nT2yn + c′nv2n, n 0,
n = ‖yn+1 − anyn − bnT1sn − cnu2n‖, n 0.
(1.7)
Then we have the following:
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in K and there exist constants A> 0 and B > 0. Such that∥∥xn+1 − x∗∥∥q  [1 − h(q − 1 − cκ)]∥∥xn − x∗∥∥q +B‖vn‖ + A‖un‖, n 0,
where un = cn(u1n − T1zn) and vn = c′n(v1n − T2xn).
(2) There exist constants M1 > 0 and D > 0 such that∥∥yn+1 − x∗∥∥ {[1 − h(q − 1 − cκ)]∥∥yn − x∗∥∥q + M1∥∥v′n∥∥+D∥∥u′n∥∥}1/q + n,
n 0,
where u′n = cn(u2n − T1sn) and v′n = c′n(v2n − T2yn).
(3) limn→∞ yn = x∗ if and only if limn→∞ n = 0.
Proof. Set
αn = bn + cn, βn = b′n + c′n, un = cn
(
u1n − T1zn
)
, n 0,
vn = c′n
(
v1n − T2xn
)
, u′n = cn
(
u2n − T1sn
)
, v′n = c′n
(
v2n − T2yn
)
, n 0.
It follows from (1.6) and (1.7) that{
zn = (1 − βn)xn + βnT2xn + vn, n 0,
xn+1 = (1 − αn)xn + αnT1zn + un, n 0, (1.4)
and {
sn = (1 − βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1 − αn)yn − αnT1sn − u′n‖, n 0.
(1.5)
Since K is a nonempty closed, bounded and convex subset of a q-uniformly smooth Banach
space X with q > 1, the conditions (i)–(iii) ensure that the sequences {αn}, {βn}, {un}, {vn}, {u′n}
and {v′n} satisfy the conditions (i)–(iii) of Theorem 2.1. Therefore, it follows from (1.4), (1.5)
and Theorem 2.1 that Theorem 2.3 holds. This completes the proof. 
Theorem 2.4. Let K be a nonempty closed, bounded and convex subset of a q-uniformly smooth
Banach space X with q > 1 and T1, T2 :K → K be a couple of q-contractive-like mappings.
Suppose that {u1n}, {v1n}, {u2n}, {v2n} are arbitrary sequences in K and {an}, {bn}, {cn}, {a′n}, {b′n},{c′n} are sequences in [0,1] satisfying the following:
(i) 0 < h bn + cn, ∑∞n=0 cn < ∞, limn→∞ c′n = 0,
(ii) an + bn + cn = a′n + b′n + c′n = 1, n 0,
(iii) (bn + cn)(q − 1 − cκ) < 1, cκ < q − 1.
For any given x0 ∈ K , a sequence {xn} with errors is defined by{
zn = a′nxn + b′nT2xn + c′nv1n, n 0,
xn+1 = anxn + bnT1zn + cnu1n, n 0.
(1.6)
Let {yn} be a sequence in K and define a sequence {n} in [0,+∞) by{
sn = a′nyn + b′nT2yn + c′nv2n, n 0,
n = ‖yn+1 − anyn − bnT1sn − cnu2n‖, n 0.
(1.7)
Then we have the following:
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X if and only if limn→∞ ‖xn − T2xn‖ = 0.
(2) If limn→∞ ‖yn − T2yn‖ = 0, then
lim
n→∞yn = x
∗ ⇔ lim
n→∞ n = 0.
Proof. Set
αn = bn + cn, βn = b′n + c′n, un = cn
(
u1n − T1zn
)
, n 0,
vn = c′n
(
v1n − T2xn
)
, u′n = cn
(
u2n − T1sn
)
, v′n = c′n
(
v2n − T2yn
)
, n 0.
It follows from (1.6) and (1.7) that{
zn = (1 − βn)xn + βnT2xn + vn, n 0,
xn+1 = (1 − αn)xn + αnT1zn + un, n 0, (1.4)
and {
sn = (1 − βn)yn + βnT2yn + v′n, n 0,
n = ‖yn+1 − (1 − αn)yn − αnT1sn − u′n‖, n 0.
(1.5)
Since K is a nonempty closed, bounded and convex subset of a q-uniformly smooth Banach
space X with q > 1, the conditions (i)–(iii) ensure that the sequences {αn}, {βn}, {un}, {vn}, {u′n}
and {v′n} satisfy the conditions (i)–(iii) of Theorem 2.2. Therefore, it follows from (1.4), (1.5)
and Theorem 2.2 that Theorem 2.4 holds. This completes the proof. 
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